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Abstract '-umcneal cxperiment-; perlormcd hy Hol1' :'11 years ago on the application of Saint­
Venant's principle to fnlme\\orks "re extcnded, and hi, conclusIOn-; qualified. Guided hy these
results. a gcneral treatmcnt is formulated employing a ,tatc variahle approach; this leads dircctly
to an eigenvalue prohlem in which the decay rates arc the \'igenvalues of the cell transfer matrix.
Unity eigenvalues correspond to the tnll1smitting modes of rigid hody dIsplacement and the stress
resultant-; of tension. hendmg momen1, shcaring force and Iv.isting moment. Consideration of the
associated eigemedors and principal vectors gives exact \alues for the equivalent "continuum"
heam properties of the Iramework. such as equivalent cross-sectional area, Poisson's ratio, second
moment of arca, shear eoetlicient and. orsion constant

IJ\TROnU( 'TI01\<

Saint-Yenanfs principle (SYP) under'pins much of solid mechanics by allowing the replace­
ment of an actual load system on a structural member by a statically equivalent load
distributed in a particular way demanded by the elastostatic solution; the difference between
the two load distributions is termed '·self-equilibrating". and since it has no stress resultant
or couple which requires reaction at some other location on the structure. there seems no
reason why the aSSOCiated stress field should penetrate any great distance into the structure,
According to SYP this depth of penetration should be smaiL

SYP has been expressed and applied in a variety of ways by many authors; for example
in beam problems. according to SokolnikotT (19561, "it is commonly assumed that the local
eccentricities are not felt at distances that arc about five times the greatest linear dimension
of the area over which the forces are distributed"

The first mathematical proof of SYP was provided by Toupin (1965), who considered
an elastic cylinder of arbitrary length and cross-section subjected to a self-equilibrated load
system on one end only: Toupin demonstrated the exponential decay of clastic strain
energy. and hence stress, but SYP requires also that the rate of decay should be "rapid".
In practice there are many examples. particularly for thin-walled structural members, where
the rate of exponential decay is so slow that SYP cannol really be said to apply. One
example is the etfeci of (self-equilibrated) longitudinal warping restraint during torsion.
when it is necessary to introduce the hillWIlW1l1 (Ylasov, 19(1). in order to provide a
plausible engineering theory,

The vast majority of published results pertaining to SYP [see recent reviews by Horgan
and Knowles (1983) and Horgan (1989)] have concentrated on conliJ1uum structural
members, including Isotropic, amsotropic and composite structures, One of the earliest
studies of SYP by Hotf ( 1945) conSidered application to aircraft structures and demon­
strated this slow decay in thin-\\alled structures: to e\plain, Hoff performed various
"numerical experiments" wilh space frameworks (i.e. a three-dimensional pin-jointed truss)
for which exact analysis was possihle, albeit laborious.

In the prescnl paper we tirst re-examine the numerical experiments conducted by Hoff
and qualify his conclusions: with the ready availahility of computer programs for structural
analysis, this is now a simple task. In preparation for a general treatment, further numerical
experiments are conducted on various plane frame\\orks which, while simple. disallow

t Visiting Rescarch I dlpw fr,'m thc Ilel'artment or Mcchanical Fnglnccrlllg, Shanghai Maritimc Institute,
Shanghai ~OOI-". Pcppk', Rcpuhhe <,I'Chllla
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torsional and out of plane loadings. As with Hoff, the purpose of this investigation included
the further elucidation of factors which may affect decay within a continuum structure
(where exact elasticity ~olutions are only available for mathematically amenable cross­
sections such as the circle or plane strain strip), but with the increased interest in large
flexible space frameworks for astronautical application such a study is of interest in its own
right. Pin-jointed frameworks are traditionally analysed by calculation of the tensile or
compressive load in each member, requiring consideration of the whole framework,
although there are techniques which allow consideration of a single or group of members.
However, it can be advantageous to estimate the overall structural performance of a
framework prior to such detailed analysis, for which a "continuum" beam model is useful.
Such models have been constructed by Renton (1984) and Noor and co-workers by a
variety of means including energy and finite difference methods; a review of this approach
was presented by Noor (1988).

SVP and the beam-like behaviour of a framework are closely related in two ways:
firstly. as Renton (1984) has observed. it is the validity of SVP which permits the approxi­
mate analysis of a space framework using a continuum "beam" model. Secondly, unless
one knows the required distribution of nodal forces which constitutes a transmitting result­
ant-for example. a bending moment or axial force-then it may be impossible to know
what is a decaying mode; in effect. one wishes to know the framework equivalent of
(J, = AIr I. and a, = F:4 for the stress distribution due to bending and tension. For a
continuum model one requires equivalent values for second moment of area I and cross­
sectional area A. For a framework consisting of a series of identical repeated cells, Renton
employed a finite difference techniq ue wherein the displacements of adjacent nodal sections
are related by a finite difference operator; the transmitting modes have deflection functions
which are finite polynomials of the cell number, while the decaying modes are typified by
deflections showing piecewise oscillatory decay.

The general treatment developed here employs a transfer matrix to relate the vector of
state variables the nodal displacement and forces--on either side of a generic cell; the
transfer matrix may be readily determined from a knowledge of the cell stiffness matrix.
Guided by the numerical experiments it is recognized that the state vector at any nodal
section will be a constant multiple (i.) of the state vector at the previous section; this leads
immediately to an eigenvalue problem. The decaying eigenvalues are (generally) distinct,
occurring in reciprocal pairs; the transmitting eigenvalue (i. = 1) has a multiplicity of six
for the two-dimensional framework (12 for the three-dimensional) and eigenvectors for
rigid body translations are coupled with principal vectors describing rigid body rotation
and the transmitting resultants, that is tension, shear, bending moment and torsion for the
three-dimensional case. The matrix of eigenvectors and principal vectors then forms a
similarity matrix which transforms the original transfer matrix into Jordan canonical form,
indicating that the transfer matrix is both defective and derogatory.

Bi-orthogonality properties of the eigenvectors then allow modal decomposition of
an arbitrary end load. A detailed examination of the coupling between the transmitting
eigenvectors and the associated principal vectors gives exact values for the continuum beam
properties of the framework, such as equivalent cross-sectional area. Poisson's ratio, second
moment of area, shear coefficient and. for the three-dimensional framework, the torsion
constant.

The procedure is developed fully in conjunction with a two-dimensional example, and
finally applied to one of Hoff's three-dimensional frameworks.

2. HOll'S "i1:\1ERICAL EXPERIMENTS

Hoff first analysed a -;tatically determinate four cell framework subjected to a "warping
group" of four axial forces of magnitude 100 applied at one end. as shown in Fig. 1; the
force group is self-eqUllihrated. having no resultant tension or bending moment, and may
be described as a bimoment. This framework was subsequently modified by the addition of
new (redundant) members. when the analysis was repeated.



Saint-Venant's principle

Fig I. Statically dele! m.nate framework conSidered by Hoff (his Fig. 6).

Fig. 2. DecomposItIon 01 framewclrk In Fig. I . member forces and reactions from lower and rear
faces not shown
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For the statically determinate framework, Hoff noted that the maximum force in the
end (fourth) cell is still noticeable, having reduced to 25% of the applied load, but argued
that since only one state of equilibrium is possible in a statically determinate framework,
SVP can hardly be expected to apply. Hoff did not note that the majority of the member
forces are constant, while the axial members showing a linear force variation from cell to
cell. In terms ofequivalent "beam" behaviour of one side of the framework this is consistent
with a constant shearing force and linear variation of bending moment: thus the longi­
tudinal member force may reduce to zero over four cells precisely because there are four
cells! This equivalent "beam" behaviour can be seen when the three-dimensional truss is
decomposedt into the six two-dimensional statically determinate trusses which are the
"faces" and "ends" of the space framework (Fig. 2). Thus when Hairs framework is
extended to 10 cells then, consistent with linear variation, these longitudinal forces are
reduced to zero over 10 cells.

tThis deeomposlllUl1lS 0111\ possibk because of the absence ofinternaJ or tral1sverse diagonals within each
cell.
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Fig Statically indekrminate frame""rk c'''I1Slckred by Hoff (his Fig. 7); \g redundant bars.

Hoff then modificd this four cell framework by the addition of a second diagonal to
the face of each cell (Fig. 3), expecting that SVP would be fully applicable by virtue of the
high degree of redundancy. According to Hoff. "This anticipation, however, is only partially
fulfilled, since the maximum load in the fourth field is still 12.5% of the value of the load
applied to one corner. The redistribution of the load consists only in evening out the
differences between the forces acting in adjacent flanges of the same bay." Again Hoff failed
to note the constant/linear variation of member forces, and again it is possible to decompose
this framework into SIX two-dimensional trusses in order to see this equivalent beam
behaviour. In fact the SVP decay is completely absent and the "evening out" oflongitudinal
member forces is attributable to the "face" symmetry of this second framework; thus the
longitudinal member forcc:s in the fourth cellaI' Fig. I are zero and - 25, while the equivalent
members in Fig. 3 have i: 12.5.

Finally, Hoff added further transverse diagonals to the three inner "bulkheads" (Fig.
4), and noted that the addition of the six new redundant bars "is extremely effective in
localizing the internal forces in the structure". when the applied load was reduced to a
maximum 0.7% in the fourth cell. Inspection of the bar forces along the framework does
not readily indicate the character of the variation. other than it is neither linear nor
exponential: this example will be considered further in a later section, when it will become

Fig. 4. Statically indeterminate frame" lJrk c"nsidered b\ Hoff (his Fig. g); 24 redundant bars.
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apparent that on Iv for tim, last I'ramework can the decay anticipated by SVP be seen in
action,

The conc!usion~ dr,l\\ n by Holl' from hi~ numerIcal experiments were:

(I) The principil: of SVP can ')C applied to the case of a redundant framework,
(2) If the plane of loading IS braced, the tendency towards the equalization of strains

is pronounced, and the distance required for the variation of strains to become negligible
is dependent to a great extent up,)n the efficiency of the bracing in this and parallel planes,

The first of the~c conc!usio!l" IS true as far as it goes, hut Hoff's second framework
shows that redundancy does not guarantee the applicability of SVP: on the other hand it
will be seen that non-zero member forces for a self-equilibrating end load applied to a
statically determinate framework may be confined to at most one cell, with all other
members transmitting zero force, when SVP is clearly applicable, The second conclusion
requires qualification: without bracing in the end plane of loading and at the free end, both
of Hoff's first two frameworks become mechanisms: extra bracing in the faces does tend
to equalize load, but only in the ,ense of equalizing force distribution within one cell;
variation from cell to cell is compktely unaltered, remaining constant or linear variation,
What does make SVP applicable IS the additional "bulkhead" bracing in planes parallel to
the end face, as in Fig 4,

; SO\1! Fl R:IIER l\t MfRICAI EXPERIMENTS

Structural analyses were performed using en her ANSYS 4AA on a SUN workstation,
or GJMASt on an IBM PC All frameworks considered have the following bar properties:
Young's modulus E = .200 x 10" N m c, length L = I m, diagonal bars have length fi m,
horizontal and vertical hal'S have cross-sectiomtl area A = I cmc, while diagonal bars have
cross-sectional area A .2: these proportions arc the same as those employed by Hofl

3, I, SIOlically dClcullil/ale e,\lIIIlIJi'e

Hoff suggested that one coulJ hardly L'XPCct SVP to be applicable to a statically
determinate framework a~ on Iy one state of eq uJlihri um is possible: this should be re-stated
as one state of equJlibrium lor i'iIch applicd lood.

Thus consider the simple two-dimensional stallcally determinate "K" truss shown in
Fig, 5: by superposition \\e sel' that the self-equIlibrated ditference between applying a
compressive end load of magnitude :200 at the central pin joint rather than equally dis­
tributed over the t\VO outer joints \\-ill decay over the Ilrst cell. Thus SVP can be applied to
a statically determinate frame\\-ork,

On the other hand, it is possible to construct a statically determinate framework, as in
Figs 6(a,b), where the III em ocr forces due to a self-equilihrated load are transmitted without
decay (rather they arc oscillaton I Lntil a stable sub-structure is reached,

3,2. T\I'O-dimcl1s iOl/o!\ 1(/ IicoIIt illde j('I'm illo Ie!WII1(' Ilorkl

The operation of SVP in frameworks can be adequately described, and more clearly
seen, by restricting attention to two-dimensional frameworks, Inspection of Fig, 7 shows
thaI. with the exception of the tirst loaded cell. the member force in each adjacent cell is
reduced by a constant factor of approximately 0517 as one moves away from the loaded
end: this is the framework eq ui\ alnt of exponential decay, Denoting the ratio of member
forces B in the (f- I )th alld Jth '_Tlls a~ j" an L'quiv,tlel1l exponential decay rate may be
determined as

t CJJMAS " a g,n~I,,1 I'lll'I"'" lill]!c c,clllcill l'aC~dgc' dl'I,I')I'"l 111 th, P,ople's Republic of China to run
on a PC under the MiLT,,,,,f! "pl'r.]!lilg ., ',te"
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200-....<

Fig 0; Superpl)silil):l 01" end loads for statically determmate two-dimensional framework showing
applicalion ,JI" Saint-Venant"s principle. self-equilibrated load decays over one cell.

k = In (I.). (1)

For the truss in Fig. 1.1\ = -0.66.
We now modify the framework by the addition of further diagonal members (Fig. 8),

again these have a cross-sectional area one half that of the horizontal and vertical members.
Inspection of the bar forces shows that, as with Hoff's example (Fig. 3), decay is not by a
constant factor although it does approach the constant value Ie = 0.2829, equivalent to
k = - 1263. Also it is seen that addition of these new diagonals has resulted in more rapid
decay.

In hoth these examples, the har force decay characteristic is as the sum of two or more
exponential decay modes; in the first example (Fig. 7), one mode decays completely over
the first cell. leaving a single exponential decay. In the second, this modal decomposition
cannot he seen by inspection and a more general theoretical treatment is required.
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100-100
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-100 100 -100
100 - __......-----,..,..--------,.....---------..,...:-------""7f:.

(a)

-100100-100

200 __~-(

100 - ............----,.....--------..,...,.--------.".------...,(

100 _ ......J-__..::::.L:...- ---:lo.L. ~'-- ~

-100 100 -100

(b)
Fig (, S"ttlc'alh delennin,llc frame\>l1rb \\ Itil 'hcillatl1r; member forces.

100 ----r---~r---'"7r----,.......--...,...-----:..__--_"._---7r""'"--~

200 _.--If----If----lf---~--___4~--~--_ll~--_If:_--__I

100 _ ...~-----::.......--...::.L.---.::IL...--~----..::.l----~---~--~

Fig - T"l)-dimeINl'Il.11 ,tatlcally Indeterminate framc\>l1rk. member fl1rces are symmetric. Decay
fadl1,. ; = 0.517. Ie. =- 0.660

100 ----,o:---~..----""""'-----:.._--..."..---".__-----."....--~

100 ---------""'---...>I<.----''''---...:>I£---.::>II'---~:.---~--~

Fig r\>l1-dllnen"l1nal 'LltIL',dly Indeterminate fnlmc\\tlrk. member forces are symmetric. Decay
factl1r; appr"aehes; = O.2S29. Ie. ~ 1.263.
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according 10 transfer matrix and iil11te element methods.

4. TRA'\SFLR MATRIX METHOD

Consider the jth cdl located between the jth and (j+ I )th sections of the two-dimen­
sional framc\\ ork in Fig. 8. as shown in Fig. 9(a). Let PI and d

l
denote the nodal foree and

displaccment vectors+ respectively. associated with the/th section; the state vectors at the
sections) and (j+ I) are then s; = [d;ptl T and S/_ ,= [di-t IPlt dl. State vectors on either side
of the ccll arc rdated by the transfer matrix G through the equation

S .. I = Gs. (2)

or in partitioned form

(3)

Now fa)[1, our numerical experimen Is. particularly the two-dimensional framework of Fig.
7. where the applied cnd load is dearly self-equilibrating. it was seen that member forces B
decayed by a constant factor i. from cell to cell. Consideration of Hooke's law would
suggest that the nodal displacements associated with this self-equilibrated load should also
decay in similar manner. and we therefore set

~";. I = I.SO' (4)

Substituting thc abm c into cqn (2) gl\e'.
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(5)

Thus the decay factor, I. arc thc cigen\aluc, of thc transt'cr matrix G; the associated
eigenvectors give the Ith scction nodal displacemcnh and loads for the particular deeay
mode. One simple method of obtaining the tramt'cr matrix of the cell is from its stiffness
matrix K: referring to Fig. lJl b). thc forcc and dhplaccmcnt \cctors. F and d. are related
by the matrix equation F ~- Kd. \\ herc

F
1 = l- K

o

'

i K, .

K

K
(6)

because. by cOtl\ention. thc forn' \ cctor F Is lklincd pusitl\l' whcn thc components are
parallel to thc coordinate liIrl'clion', Wl' ha\ c F Pi' F,. p.. I' and substituting into
eqn (6). expanding and rcarrangllig gi\es

K

K,
(7)

Note that thl' ,titrnl'SS matl"]x K Is S-' mml'tric. hUI \\I!I he 'InguLlr a, the cell i, not fixed in
any way.

, I\\() 1>t\1f'\SIO'\ \1 1\\\It'11

We continuc \\Ith thL' t\\n·dllrcn'-,Innal ,'rdllle\\l)rk ,IHl\\n in Fig. X: the force and
displaccmcnt vectors arc. from FI~ )( a),

p [1'1, I' , 1', /' 1'; 1'; jl

P [I' ~. 1'0 /) 1'. 1'" 1'" ji

d ['II 1"1 /I' I /I I ;1 I

d 1'/ j 1"0 /I. I. /I 1", II (8)

The ccll stiffne,s matrix K L'dn he dL'tll"mined b\ thL' limte clement method [see. for example.
Stasa ( 19X5)]. or by ma trix st rucILmli analysis Isee. for example. Przemieniecki (1%8 )]. but
for brevity is not presented here. M,ltrix manipulations were performed using MATLAB
to give the eigetl\ alues and eigen\ L·etors. The eigL'11\ alues are

1

16n'JX jl_U,HiJ j I

(J.(J';LJ6 . L02X2lJ -

occurring as three recIprocal pair, ..1'-, might be cxpected. together with six unity eigenvalues
associated with "rigid bodv" tran,l'ltional and rntational displacements of the cross-sec­
tional plane. and nodal forccs ha\ In!,: a cross-scctlon,d rcsultant which arc therefore trans­
mitted along the framework

We consider first thc decaYIll~ modes. If I h .In cIgCI1\ ,duc. thcn so is Ii. and the
equivalent decay rate, arc thcn k h (i.). and /\ = In (I I) The "slowest'" decay factor
(eigenvalue) pair is [3.';346 02X2YII. ,md a ,elf-equilibrated load on Ihe left face of the cell
reduces in magnitude by a faL'tor (J 2iClJ as onc n1l-'VCS to the righl facc.i· i.c.

+ In dynanlll'-'; lhl' dUl'dllnll \\1 ~l h:llq,lrlll C\P(lllL'lllld! d~\;I\ l'\~) I l -:) i-.. \)ftl'll tak.en a~ the tinlL' for it to
reduce to Ie" than ~"" "I' 'IS I11Itl,11 "dul'. ,nl ihlS I' 1101'111,,11\ ["~l'll a, I<lUI [!Inc C<lnstanh (4,1: III Ihe presenI
problenl the sratl~t1lkL'd~ ("p{ I ~h31 rl'iJlll.'l'-..I() ~,_--:;1)(I P\l.'1 rllrr...'l' l.-L'lh. ~llld III 1l.64°n over four c~lIs.

SAS JJ·I-G
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or

On the other hand. suppose the self-equilibrated load is applied to the right face of the cell:
the magnitude is again reduced by the same factor, 0.2829, as one moves to the left face,
I.e.

but as one transfers across the cell from left to right according to the transfer matrix
formulation. the load increases, i.e

P/_ I = 3.5346p" or 1.26 )
P,~I = pje .

This slowest decay rate is the one observed in the '"numerical" experiment (Fig. 8) after the
more rapid modes have decayed.

The second "slowest" decay factor is i. = 0.0596, k = - 2.820 I, and the third is
/. = - 0.cJ702, k = - 26564 + ni: the negative eigenvalue indicates that the bar forces
change sign from cell to celL which is oscillatory decay. The eigenvectors associated with
each of these decay elgmvalues are given in the Appendix, and the nodal forces are shown
in Fig. 10.

If we now return to our second numerical experiment, Fig. 8, we see that the applied
end load Po consists (,I' two decay modes

100 100 100

0 -243.5 -78

~200 -200 -200

0
= X.j

0
+ :;(5

0
(9)

100 100 100

0 243.5 78

where. by simple calculation':;(4 = -0.4713.:;(, = 1.4713. Nodal forces at the nth sectiont
may then be determined from the equation

PI 100 lOa
PI, - 2435 -78

pc. - 200 -200
-OA713 0.0596" + 1.4713 0.2829" (10)

Pc, 0 a
p,. 100 100

P" 243.'\ 78

and member forces within the cell can then be calculated from a knowledge of the nodal
forces on the nt h and II + Ith sections.

Alternatively thIS self-equilibrating end load may be expanded into its constituent
decay modes by employing the bi-orthogonality property of the eigenvectors. Denoting the
ith and jth eigenvectors of the transfer matrix G and its transpose GT as XI and Vi'
repectively, then, as is well known

(i, - i)Y;X, = 0, (II)

and hence the hi-orthogonality property Y}X; = 0 when )1 =f i. l ; in the event of independent
eigenvectors having the same eigenvalue, as occurs in the three-dimensional example, the
above leads to a simple algebraic calculation.

+ It IS assumed that the load IS applied (1n the end scetion 11 = O.
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If we now denote the applied end state vector as SII' and expand as

'\ :xX.

where m is the number of eigenvectors. then pre-multiplying by Vj gives

and hence

y ~ S"

ylX

89

(12)

(13)

This general procedure cannot yet be implemented: although the applied load is known.
the displacement components are not; that is So = [do PO]T. and thus far only Po is known.
The required vector do may be determined from the boundary conditions at the right-hand
end of the framework which we suppose is fixed. The state vector at the nth nodal section
is related to the free (left-hand) end state vector s" by

[dIll = GIl d"l.
Lp"Jp"J

(14)

Strictly the framework should be of semi-infinite kngth. when d" --* 0 as n --*x ; however.
from the numerical point of view the larger 11. the greater the errors introduced into Gil. In
this example the slowest decay rate has i. = 0.2829. when ih

= 0.00051. iB
= 0,000041. and

we take the later as negligible in relation to unit; We therefore set

where A. B. C and 0 arc the partitioned sub-matrIces of C/. Then

Ad" + Bp, = O. d",~

We now expand thc free end state \cltor as t

SO I:x,X,
I

and employing eqn (13) gives the cocltkients as

A I Bpli'

1.4712.

which agree with our previous result. [0 is ordcr (of magnitude),]
We now turn to the eigenvectors associated with the unity eigenvalues. i.e. the trans­

mission modes; MA TLAB employs a QR algorithm which returns a transformation matrix
of 12 independent eigenvectors \vhich H'i// diagonalize the original transfer matrix. The

+ Although there are I ~ elgen\ectors. \\ e "xclude those pnt'lInlng to rigid hody displacements. since d" = O.
and also the transmission mode elgemeC(or, pertaining tll the resultants. as the applied end load is clearly self~

equilibrating, We include hoth the "left to rIght" and "right tl) left .. deca\ modes in order to illustrate that Ihere
is nll contrihution 1"1'0111 the !altel



90 J\o. G. Stephen and P. J. Wang

computed eigenvalues are close to, but not exactly, unity; however, by physical argument
they must be exactly unity and this is imposed by solving the set of equationst

(G-I)X, = 0, (15)

where I is the identity matrix, employing the reduced row echelon form command "RREF"
within MATLAB. This shows that there are only two independent eigenvectors associated
with i. = I. which are the rigid body displacement in the x- and y-directions. The procedure
for obtaining the principal vectors (Z,) is to set up the chain of equations

GX, = X,

GZ 1 = Zl +X,

GZ: = Z2 +Zl,etc. (16)

and again use the RREF command on the augmented matrix [G-I, X;] to find Zl, etc. In
this way it is found that the "beam" resultant of tension is coupled with rigid body
displacement in the x-direction. and shearing force is coupled to bending moment, which
in turn is coupled to rotational displacement and thence rigid body displacement in the y­
direction. The complete similarity or transformation matrix of eigenvectors and principal
vectors is given in the Appendix together with the Jordan canonical form of the transfer
matrix.

The coupled eIgenvectors and principal vectors associated with the unity eigenvalues
allow determination of the equivalent "beam" properties of the framework. Thus consider
the seventh and eighth columns of the transformation matrix T (Appendix) which give rise
to the ~ x 2 Jordan hlock : we use the MATLAB syntax to identify these columns as T(:, 7)
and T(:. 8). respectively. The rigid body displacement in the x-direction, T(:,7), is the
eigenvector and can exist in its own right if the cell, or indeed the framework, is not
restrained: more importantly it is the "generating" eigenvector for the principal vector
defining tension. according to the chain of equations (16). Thus for these vectors we have

GT(:. 8) = T(:, 8)+ T(:, 7). (17)

This representation IS shown physically in Fig. II, where we see that a total tensile load of
T= 1+2xO.89645 = 2.7929, is coupled with a cell elongation of 3.9645 x IO- g

• For a
continuum beam the constitutive relationship is

()u
T = A£-­

L'
(18)

and in this example. A E. L = 2 x I (l'. to give an equivalent cross-sectional area of 3.522386
cme, which represents the sum of each axial bar cross-sectional area (which is three) plus a
contribution from the diagonal members. Additionally there is a "Poisson's ratio" con­
traction of the cross-section: strain in the x-direction, B, = bu/L = 3.9645 x IO- g

, while
strain in the v-direction, c, = (-2 x 1.0355 x 10- 8)/2 = -1.0355 x 10- 8

, and writing
I;, = -\"1;, we find the equivalent Poisson's ratio \! = 0.2612.

The ninth to twelfth columns of the transformation matrix are coupled within a
4 x 4 Jordan block associated with shear and bending stress resultants, and cross-sectional
rotation and transverse displacements. Again a rigid body displacement, now in the y­
direction, T(:. 9). is the eigenvector and can exist in its own right if the cell or framework is
not restrained. The tenth column, T(:, 10), defines a rigid body rotation of the cell and this
is coupled with the transverse displacement of the cell according to

t For numerical reascns it was found necessary to reduce temporarily the value of Young's modulus by two
orders of magnitude to F = 200 x 10' N m ' whilst using the "RREF" routine within MATLAB, thereby
increasing the magnitude 0'- the displacements. making them less susceptible to computational error.
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2-1f----~

1 - 1<------"

l2.4351

T(:.4) , 11 4 = 1/:., = 0.0596

,2.4351

1-"'"------...

16.780

,2.4-351

.,----__..-1

If----~- 2

T(:.1) , )-, ~

T(:.5) , A5 = 1/:.
2

= 0.2829

,0.7799

1 - "'"------,.

3.5346

r---~-2

"'- --llI _ 1

l 0.7799

,0.7799

.,----__..-1

T(:,2) , 11 2

T(:,3) , 113 -14.244

FIg. ]() Nodal force" for decay modes. dIsplacements not shown.

GT(:. 10) = T(:, 10) +T(:. 9). (19)

and this is shown physically in Fig. 12. Note that the expected y-component ofdisplacement,
due to cross-sectional rotation. in the vector T(:, 10) is zero as the cosine of the angle of
rotation is effectively unity.

The eleventh column, T(:. II). defines a bending moment on the cross-section of
magnitude 2. and this is coupled with the tenth column according to the relationship

GT(:. II) = T(:. II) + T(:. 10). (20)

as shown in Fig. 13.
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- 0.89645

_I 3.9645x 10-8

- 0.89645

1 - ~-----"*,"--~ - 1

0.89645 - I / " I
1' :lI

0.89645

T(:.8) T(:.8) + T(:.7)

Fig II Couphng ,,(eIgenvector '11',7) lor rigid hody dIsplacement in the x-direction, with principal
\ector 'II, Xl for tension, displaccments are exaggerated. Dotted lines show initial cell configuration,

T(:,10) T(:.10) + T(:.9)
Fig 12 Coupling ,)( eigenvector 'II ,Y) for rigid hody displacement in the r-direction, with principal

\cctor 'II, lUI kr rotation: displacements in r-dlrcction of left-hand face are negligible,

i23468x 10-
8 I

-- --

L
---- 6,1298x10-9

r

T(:,11 ) T(:11) + T(:.10)

Fig I,j (ouphllg o( pnnclpal \ celt'! II . III I lor rotation, with principal vector for bending moment
'II, III



~amt-Venan(s pnnciple 93

The constitutive relationship for beam bending is At = EI/ R, where M is bending
moment and R is bcam curvature. and by geometric considerations we find that
I!R = 4.6935 x 10 '; thus the equivalent second moment of area is found to be
1= 2.13061 x 10 -1 m -1

Figure 13 also shows an apparent shift of the neutral axis towards the tension side of
the cell: in fact this is a Poisson's ratio effect whereby during pure bending, transverse
displacement of the upper and lower surfaces of the beam is greater than that of the neutral
axis. Thus from Sokolnikoff (1956). article 32, the transverse displacement in the y-direction
is (ignoring the constants of integration).

At _
- 2t'I (Y- + n -), (21 )

where a minus sign has been introduced to account for the different coordinate axes. Thus
the transverse displacement at the neutral axis (.1 = 0) is

1', ,1--
lvl

r = 6.129Rx 10 0

2E1
(22)

while the transverse displacement at the upper and lower surfaces V = ± I) is zero, i.e.

r,
J'vl ,

- 2EI (V' + \) = O. (23)

Combining these two results together with At = 2. E = 200 x lOY N m 0 2. I = 2.13061 X ]()4

m4 again leads to Poisson's ratio \' = 0.2612; it is gratifying that there should be no conflict
between the two Poisson's ratio effects.

Finally. we consider the twelfth column T(:. 12) which defines a shearing force and
a bending moment; this is coupled with the eleventh column T(:. 11) according to the
relationship

GT(:, 12) = T(:.12)+T(:.II). (24)

and this is shown physically in Fig. 14.

t 0.4-6935

f 1.0613

i
I

I-- 12662x 10-7

I

--j

5009,,0-; To, --j i 1,2662X10-
7

O.4-693~ I. I I

1 - ! i~'"It"'""--......,..., t 0.4-6935

I
1
1
I

~0613 1/
6.1298x10-

9 f-== 1=-'1;::;==----"":'1

I
I
I

0.4-6935 /

1 -lJl;/
5009x' 0 7

T(:.12) T(:.12) + T(:.11)

Fig 14. Couplmg "I pnnClpal vecl"J fl. 12) for shearing f"rLT and bending moment, with principal
vecl"r 1'(:. 11) for bendmg moment.
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We scc that shcal'illg forces of magnitude 2 on both cross-sections are balanced by a
bending moment of magnitudc 2 on the lert-hand cross-section.

For a "Olw-dimensonal" contlllllllm beam the deflection due to shear is incorporated
by the introduction 01 a shear codlicicnt 1\ within the equation

(J = I\4G;. (25)

where (J h thc shearing lorce. 4 I~ the cnhs-sectional area. G is the shear modulus and I is
the shear angle. \\ithlJ1 11ll1OShenko hc'alll theory (1921). the shear angle is defined according
to the relation"hip

.~ II!
dl

d\'
(26)

\\here dl" d\ lS the centreline slope and II! is rotation of the cross-section. The simplest
method of e\aluating th: shear angle is to impose a rotation on the cell in Fig. 14 to bring
the centreline slope tl' the hori/ontal. when dl" d.\ is zero and ;' = if;; the cross-sectional
rotations on either "Ide of the cell arc then different and taking the average gives a shear
angle of = I 444X6 . 10 EmplOying Q = 2. equivalent shear modulus G =

E 2( I + \) = 7929 y II)" N m and equivalent area a" calculated above. the equivalent
shear coctliClen\ is cakuated as 1\ ~ 0.49'i6.

h \'\AI I ')IS Of 11(>1 fS IflRFF-DII'v1F:"JSfO:"JAL FRAMEWORK

We nO\\ return to floWs third fran1l'work; the transfer matrix t is now (24 x 24), and
has 12 unity elgel1\allles and the si\ reciprocal pairs of decay eigenvalues

p.0744+214LJlij l ;0744 2.14LJI/11 226X4li -13.238l [-15.248ll-15.248j

LO.2IX'i-OI'i27i· li2IX5+0.1'i27/ .. -()0441 rL-O.0755· -0.0656' -0.0656'

As before the unity elge:l\alue" are' ~lssociatcd with rigid body displacements in the X-, y­
and no\\ the .::-directlon'.: coupled with these are rotations. tension. shear and bending in
two planes. ~lI1d top;i"J1.

The decay eigenmodes sho\\ tWP ne\\ lCa tures' firstly there are now pairs of repeated
real eigel1\allles ha vi n~~ i'ldependen t eigcl1\ cctors. which is a consequence of the rotational
symmetn of the fr;1ll1e\\1 ,rk : secondh there are now pairs of complex conjugate eigenvalues,
having compln cigcl1\ ector". It is IW!C\\(lrthy that the real eigenmodes self-equilibrate over
each "chord" of thl' cml (If thc fr~lmC\\ork. \\ hilc the complex modes self-equilibrate over
thc end scction of thc Ir~1111e\Vork as a \\ hole.

As \\ lth thc preVI(IU'; t\\O-dllllCI1'lllnal e\dmple. an applied end load may be expanded
into its constltucnt nwde, hy emplo\ing the hi-orthogonality property; in the present three­
dimensional e\ampk the prc~cncc or complex eigcnvectors deserves comment. Firstly, we
note that a complex ei t cl1\ector i~ l]ot physically permissible. but when considered in
conjunction \\Ith ih conjugatc. thc ~lclLlal displaccments and loads are the real and imagin­
ary parts in turn. On till' other hand. mathematically it is preferable to retain the complex
eigenvector. In \\hlch C~hC thc modal expansion will lead to a pair of complex conjugate
participatlUn I;lctors. )\delitionally It mIlst he rcmembered that the dot product of two
complex \cclor~ a and b I" dclincd d ~ a' b = aIb. \\here an overbar denotes the complex
conjugatc To illustratc thc pn'cedurc. dnd dlso the details ror the repeated real eigenvalues.
we cOINder HoWs end load.

The frce end load \ector h

1), = 1)1) I()() (III 11)(1 O(J 10(J (J(J 100]1.

t F~H hn..'\11~ the 11.111,,1....'1" Illdtri\ ;lIHI Ci~\,.·ll\\.:L't\lr" ,Jlld prilll·iral H?ctors arc nut listed in full.
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and the associated displacement veclOf, according: to the procedure described in Section 5.
lS

d" = 10 'x [ it a h - a it h a a h a a - b]\

where a = 1.1209. h = 4.H251.
Expanding the \ ector SI! asi'

I c

I :xx.

and noting that eigenvectors X I. X" X7 and X~ are complex, then

"I • SII ~:s() Y~SIl
Of-H):Xl = Xc = :XI'

Vi 'X: V:X i Y!X I

(27)

Similarly. we find :x, = O( -.. 10 l, :X.j =, O( - 10). The eigenvalues i.) and i'n are identical. but
the eigenvectors arc independent. which leads to a "block"' form for VTX when the
coefficients :x, and :XI, are obtained by solving

(28)

from which :x, = 0(-- L)). X" = 01 -II). The coetlicients :X". :Xlil.:X11 and :X1 2 are found in
identical fashion. and arc of similar order. The remaining coeflicients are straightforward
to determine. the only significant ones being: :x. = 50 - 4~-U63i. :x~ = 50 + 48.263i. Thus the
applied end load ma) be expanded as

(29)

and nodal forces on the 11th section nay be determined from the equation

s" = (50 - 48263i lX· (021 H~ -t- 0 1527i l" + (50 + 48.263i lX. (0.2185 -0.1527i )". (30)

where

!) -!I (! ~ PP - i! l (' - d (' _. c d - c - c - d - c C d]1

andp=(2.2855-3.52L)Oi)x 10 ".i!=(3.6626-1.2044ilx IO'.c= -0.5186.d= 1.0.

7 (O,",CLlDIMi Rf"lARKS

By employing the transfer matrix of a single cell to relate the state variables on either
side, the calculation of equivalent beam properties and decay modes for a pin-jointed
framework of repeating cells is reduced to standard eigen analysis, thus providing a very
efficient means of determining both. The procedure described here is capable of extension
to rigid joints at the expense of an increase in dimension of the state vector and transfer
matrix. since a rigid joint implies an additional bending moment and rotation at each node.
For a two-dimensional framevvork the state vector would increase in size by 50%. while a
three-dimensional framework would imply bending moments in two planes, together with
the associated bending rotations. and a twisting moment and rotation: each node therefore
requires six force or moment components and six displacement components, and the state
vector for a section would have 48 components. an increase of 100%.

The procedure has also been developed for determination of the decay eigenmodes of a

+Since the end load "I hg -+ h c!e"r1, ,e1f·eLjllllJhrating. It 1\ expanded in terms of the Itirst) I~ decay
eigenmodes. the remal11ll1g Ie l'lgennwdes per all1 to the rigid hod, displacements and the transmitting modes.
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continuum beam, for which exact analytical solutions are available only for mathematically
amenable cross-sections such as the circle or the plane strain strip, as an extension of the
finite element method; the authors describe this application to beams of general cross­
section in a separate report.

Acknol\-!etlqemenl The authe·rs give specIal thanks to R J. Dooler of the Central Design Service at Southampton
University for preparation .)f the drawings.
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APPENDIX
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T 'GT = J, where J IS a Jordan block m.ltrix,
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